
P L A S M A  D E N S I T Y  A N D  E L E C T R I C  F I E L D  S T R E N G T H  

D I S T R I B U T I O N S  A T  A B O U N D A R Y  W I T H  AN E L E C T R O D E  

I .  P .  S t a k h a n o v  a n d  P .  P .  S h e h e r b i n i n  

Close to the cathode in an are discharge, or to the surface of a probe operating on the ionic 
branch of its characteristic, conditions are obtained under which the Langmuir layer freely 
passes ions coming from the plasma, while the reverse ion flow is virtually zero. The plasma 
density, ion distribution, and electric field-strength close to the electrode are found in the 
present paper. The extrapolated length is evaluated for the plasma density. The absolute 
value of the electric field strength increases logarithmically at the boundary with the 
electrode. 

i. The expression 

/ (~, 0) = l[2Z~ ~ (0) exp (_~2) 0 (~) / X ( - ~ )  (1.1) 

was  obta ined in [1] fo r  the ion d i s t r ibu t ion  at the boundary  with an e l e c t r o d e ,  under  the condi t ion tha t  the 
potent ia l  drop in the L a n g m u i r  l a y e r  subs tan t i a l ly  exceeds  the mean  t h e r m a l  e n e r g y  of an ion o r  e l e c t r o n  
and is d i r e c t e d  in such a way that  e l e c t r o n s  leaving the p l a s m a  a re  d i r ec t ed  b a c k w a r d s .  

Such condi t ions  o c c u r  nea r  the ca thode in an a r c  d i s c h a r g e ,  s ince the cathode drop is subs tan t i a l ly  
g r e a t e r  than the mean  t h e r m a l  e n e r g y  even in the case  of a low-vol tage  a r e .  S imi la r  condi t ions  obtain 
a round  a p r o b e  ope ra t ing  under  the ionic c u r r e n t  condi t ion:  

~ [  t ]/'~t exp (-- t2) ] dt X ( - -  u) = exp r=(-- ~)  , F (--  u) = --  2 / i  --  ~- Arc tg ~-~ --j t + u 

o (1.2)  

) ~ ( t ) = 4 - ~ - l i e x p ( - - Y 2 )  d- O(u)={ i0  (u>0) 
- - V ~ _ o  ~ y - t  Y" ( 4 < 0 )  

where  f (u ,  }) is  the ion d is t r ibu t ion  funct ion,  n o r m a l i z e d  to the p l a s m a  dens i ty  n(}), u is the d i m e n s i o n l e s s  
ve loc i ty , and  } the d i m e n s i o n l e s s  coo rd ina t e :  

u = --V/Vo, ~ = x/(vo~), v o = (2T/M):/2 

where  x i s  a c o o r d i n a t e  o r t h o g o n a l t o  the e l e c t r o d e ,  v is the ion ve loc i ty  componen t  along the x ax is ,  ~-is the 
ion d i s t r ibu t ion  function re l axa t ion  t ime,  which will be a s s u m e d  cons tan t ,  T is the a tom t e m p e r a t u r e ,  and 
M is the m a s s  of the ions .  

The pape r  inves t iga tes  the p l a s m a  dens i ty ,  the ion d is t r ibu t ion ,  and the e l e c t r i c  f ield (within the 
L a n g m u i r  l ayer )  as  funct ions  of the d is tance  f r o m  the e l ec t rode .  

2. We in t roduce  the aux i l i a ry  funct ion 

, ( u ,  ~) = f (u, ~) -t- an-'/' exp (--u 3) n(~) (co = T J T )  

which is a solut ion of the equat ion [1] 

- -ud~ / d~ ~- ~2 = (1 + a) n-'/, exp (--u 2) n (~) 
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where T e is the e lec t ron  t empera tu re .  Denoting by ~(u, k) the Four i e r  t r ans fo rm off (u ,  }), we have [1] 

i ~F(u,k) _ i + i k  u ( e x p ( ~ N ( k )  u,(u,O) V~-5 ) (2.1) 

The function N(k) is equal to the Four i e r  t r ans fo rm of n(~) multiplied by 1 + (~, and may be found as 
follows f rom (2.1). Since n(~) and f(u, ~) have an algebraic  growth [1] as ~ ~ ~, ~(u, k) can have no sin- 
gular i t ies  when Im k > 0. Hence, 

exp (--u ~)N(k) = u'q~(u, 0) / ]/'2 (k = i /  u, u ~ 0 )  

Using this and (1.1), the express ion  

N ( k ) =  ~n(0) ( 1 ~ ) (2.2) 
x (-,/k----~ + ~-~ 

holds for  all values of k. Hence, instead of (2.1), 

~+~"L ~V-~ x(-~/~)  F-~ - V ~  J 

3. It is c l ea r  f rom (1.2) that the function X ( - i / k )  appearing in ~(u, k) is analytic everywhere  except 
on the cut (0, - i~ ) .  Its limiting values X+, X_ on the edges of the cut sat isfy [1] 

X+(t)/X_(t)=A+(t)/A_(t),  A+(t )=)~( t )+i} f~ texp(- - t~) ,  X+( t )X( - - t )=2A. ( t ) ,  t ~ O  

Hence, X ( - i / k )  vanishes only when k = 0, near  which it has the expansion [1] 

X (--i/k) = --ik + k~lo + 0 (k ~) (10 = i.016)] 

Knowing the analytic p rope r t i e s  of X ( - i / k ) ,  the r equ i red  functions n(~) and f(u, }) can be found by 
pe r fo rming  the inverse  Four i e r  t ransformat ion .  The resu l t  is 

]/'2n (0) ( a i ~dtexp(- -~/ t - - t~)X(- - t ) )  (3.1) 
n(~)-- 1+~ ~ + l ~  ~ 2V~.J A+(t) A_(t) 

0 (.+ (3.2) l(u, ~) n (0 )  exlJ  ( - -  ~+r -- t '!:-u) }-~.(.)a_(.) 

dtexp(--~/t-- t  ~)X(-t)  i ~dtexp(--Ut--t 2) x ( ' t ) ~  
(t + ~) A+ (0 A_ (0 2 V-~ (i + ~) J ~+(0~- (0  ] 

0 0 

4. This resu l t  will be analyzed.  F r o m  (3.2), as ~ --* oo(x >> v0~-), the distribution function c lea r ly  
tends to the asymptot ic  fo rm 

This express ion  is the usual diffusion function; with ~ large,  the t e rm  proport ional  to the velocity 
becomes  small  compared  with the symmet r i c  par t  of the distribution function. In the absence of a field, 

has to be put equal to zero  [2]. 

g.Zq 

~gg 

0 Og /.g ~e $ 

When } >>1, the density is a l inear  function of the distance: 

n (~) = n (0) ]f12(~ + lo + a / V2) [ (t + a) (4.2) 

F rom this las t  express ion ,  the extrapolated length depends on the e lec t ron  
t empera tu re  and is equal to 

lo + Te l (V2T) 

The rate  of relaxat ion to the l inear  law is de termined by the last t e rm in the 
paren theses  in (3.1). The graph of this function is given in Fig. 1; it can be seen 
to decrease  rapidly with the distance; even when x = v0% its contribution to (3.1) is 
less than 3% of the remaining terms. 

Fig. i 
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Since the e lec t rons  have an equi l ibr ium distr ibution,  the p l a sma  density is connected with the field by 
~o ( 

en'r;vo d~ ' d~ t Jr'- 
0 

where n(~) is given by (3.1)o 

The field direct ion is the re fo re  such that ions going to the e lec t rode  a r e  acce le ra t ed  by the field. As 
~ 0 ,  the der ivat ive  dn/d~, and hence E also,  d iverges  logar i thmica l ly ,  i.eo, the conditions for quas ineu t ra -  

l i ty a r e  not sa t i s f ied  close to the e lec t rode .  This  means  that,  when ~ a/v0~ (a is the Debye radius)  (i.e., 
within the Langmui r  layer) ,  Poisson~s equation must  be used expl ici ty .  

1o 
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